Background

Analysis of complex interconnected data
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Timeline of notable works in network science

Info. vs. Social Networks (Twitter) [Kwak et al.]

O
“a 0 Signed Networks [Leskovec et al.]
- 0 Semantic Social Networks [Tang et al.]
0 Four Deg. Of Separation [Backstrom et al.]
0 Structural Diversity [Ugander et al.]
0 Computational Social Science [Watts]
WI 0 Network Embedding [Perozzi et al.]
M ‘ 0 Influence Max'n [Domingos & Kempe et al.]
@ 0 Community Detection [Girvan & Newman]
o0 Network Motifs [Milo et al.]
. o Link Prediction [Liben-Nowell & Kleinberg]
\\;./ N\ @™ o HITS [Kleinberg]
" / \‘g/ // * 0 PageRank [Page & Brin]
. d 0 Hyperlink Vector Voting [Li]
You ?ﬁﬁr

¢
0-0-0-0-0-0- 6 0 Small Worlds [Migram]
v 2 3 4 5 e

degrees of separation

0 Random Graph [Erdos, Renyi, Gilbert]
0 Degree Sequence [Tuttle, Havel, Hakami]

C

C

O 2015~2021

) 2010~2014

) 2005~2009

2000~2004

1998~1999

1997

1992

1970s

1960s

1950s

1930s

0 Graph Neural Networks
0 Deep Learning for Networks
0 High-Order Networks [Benson et al.]

0 Graph Evolution [Leskovec et al.]

0 3 Deg. Of Influence [Christakis & Fowler]

0 Social Influence Analysis [Tang et al.]

0 Six Deg. Of Separation [Leskovec & Horvitz]

0 Network Heterogeneity [Sun & Han]
0 Network Embedding [Tang & Liu]

0 Computer Social Science [Lazer et al.]
0 Small Worlds [Watts & Strogatz]

0 Scale Free [Barabasi & Albert]

0 Power Law [Faloutsos x3]

0 Structural Hole [Burt]

0 Dunbar’s Number [Dunbar]

0 The Strength Of Weak Tie [Granovetter]

0 Homophily [Lazarsfeld & Merton]
0 Balance Theory [Heider et al.]

0 Sociogram [Moreno]

Based on Slides from Jie Tang
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http://keg.cs.tsinghua.edu.cn/jietang/

How to explain the pandemic of runaways?

= 'g; E ---——-. ’:l‘ﬂh\"

f

Mapped out the channels for the T
flow of social influence and ideas, U770\ iy
and concluded that they behaved Bl e
based on how they are positioned % a’\
in their social network S

Read more here
earliest graphical depictions of

social networks (sociograms)
Who Shall Survive? (1934)
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https://en.wikipedia.org/wiki/New_York_Training_School_for_Girls

Graph Theory & Network Science

Graph theory is older than network science

1735: Euler’s theorem:
If a graph has more than

a s two nodes of odd degree,
m ?—’K’C there is no [Eulerian] path.

P asza s P ema

K £ T A | A D
Can one walk WLt A \

Y 4 | | -
i & ) 1
across the seven : ,_...,\fw" N Sk, 'I::J, r%
bridges and never e e : ‘
b= -

cross the same " B
bridge twice? P

[see the video]

Network science borrows many concepts/theories from graph theory. The focus, however, is
on real world graphs which have specific characteristics, and are different from random graph

families commonly studied in math.

For example, regular graphs (same degree for all nodes), are irrelevant here.
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http://networksciencebook.com/images/ch-02/video-2-1.m4v
http://networksciencebook.com/images/ch-02/video-2-1.m4v
http://networksciencebook.com/images/ch-02/video-2-1.m4v
https://en.wikipedia.org/wiki/Eulerian_path

Interconnected Data as Graphs

-

Nod Vertices) person
o I vertces . .
odes (o ~——"friendship
o  Proteins, Neurons, People
. ° “paper
e Edges (or Links) pap
: : : : “—citation
o interactions, friendships
®
: . . “"cities
e Two vertices are adjacent if they share a common edge -
. : : Y—train tracks
e Two adjacent vertices are neighbours
e An edge is incident with another edge if they share a vertex °
e Anedge is incident with two vertices protein
~Y—"binding
®

=
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Adjacency Matrix: the default data structure

Adjacency Matrix Adjacency List Edge List Simple Graph
0 1234567589101 0:{1,2,11} {(0,1),(0,2), (0, 11),

N B O 1:40,2,3} (1,0),(1,2), (1,3),
110110000000 0 ,

2:00,1} 2,0), (2, 1),
21100000000 0 0 T4l a3 s
301001100000 0 '{37} (9)9(9)3(3)3
oooioii1000 0 o 4:{3.,5,6} (4, 3), (4, 5), (4, 6),
slooo11000000 0 5:43,45 (5,3), (5 4),
6100001001100 0 6:{4,7,8} (6,4),(6,7), (6, 8),
7/00000010100 0 7:{6,8} (7,8), (7, 6),
80000001100 T1 O 8:{6,7,10} (8,6),(8,7),(8,10)
9/l0 000000000 1 1 9:{10,11} 9, 10), (9,11),
0Woo000000011 0 1 10:{8,9,11} (10, 8), (10, 9), (10, 11),
1M1000000001 1 0 11:{0,9,10} (11, 0), (11,9), (11, 10) }

NXN
A€ (0,1} G(V,E),E C{(i,))|(,j) € V?*}

A square matrix of size N (number of nodes) )
Vis set of nodes, here: {0, 1,2 ... 11}

E is set of edges, here the edge list

Comp 599: Network Science
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Adjacency Matrix: sparse representation

Real world graphs are sparse (lots of zeros) => use sparse matrix representations to only

store non-zero elements, in a specific format, often:

0:{1,2,11} 0
1:{0,2,3} 1
. . .. . . 2:40,1}
e LIL (List of lists): similar to adjacency list Vs 2
4:{3,5,6}
e COO (Coordinate list): similar to edge list s .
7:{6,8} 6
e (SR (Compressed Sparse Row) 8:16.7.10} 7
9:(10,11} 3
o store only start index of each row 10:(8,9,11} 9
11:{0,9,10} 0
o fast row access and matrix-vector multiplications 1

coL:[1,2,11,0,2,3,0,1,1,4,5,3,5,6,3,4,4,7,8,6,8,

ROW:[0,3,6,8,11,14,16,19,21,24,26,29,32]

e (CSC (Compressed Sparse Column)

0123456789 1011
0110000000 O0 1
10110000O0O0O0 O
1100000O0O0OO0O0O O
010011000O0O0 O
00010110000 O
00011000O0O0O0O O
00001001T1TO0O0 O
0000O0O0O1O0T1O0O0O O
0000O0O0O110O0T1T O
0000O0O0OO0OO0O0OO0T 1
00000O0OO0OO0OT1TT1 0 1
100000O0O0OO0OT1 1 O
6,7,10,10,11, 8,9,11, 0,9,10]

LIL and COO are good for constructing matrices. Once a matrix has been constructed, convert to CSR or CSC format for fast

arithmetic and matrix vector operations

Comp 599: Network Science
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https://docs.scipy.org/doc/scipy/reference/generated/scipy.sparse.lil_matrix.html#scipy.sparse.lil_matrix
https://docs.scipy.org/doc/scipy/reference/generated/scipy.sparse.coo_matrix.html
https://docs.scipy.org/doc/scipy/reference/generated/scipy.sparse.csr_matrix.html#scipy.sparse.csr_matrix

marginals

Adjacency Matrix

nnaAaAanN N ANANA NN

—_ OO0 OO OO0 = —O

SO OO OO OO0 —— O —

SO OO OO OO0 OO — —
eleoloBoBoNeh ihak=l =l ]
SO OO OO0 O O OO
SO OO OO = —O OO
SO O == OO OO O OO
S OO0 —~— O OO OO
S OO = =0 OO O OO
—_—_ O OO OO OO O OO
—_O == OO OO0 O OO

012 3456789 10 11

O~ O OO OO O OO

3

3323323232 3

<<o—amntwnmorwa I T

marginals of A => degree sequence
i

= Aji

Simple graphs are symmetric, i.e., A;;
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Beyond Simple Graphs

® Directions

o E.g. who follows who at Twitter

o Weights
o E.g. friendship strength, or travel cost

e Time
o E.g. your friendships changes

Comp 599: Network Science



Directed Networks Examples

citation networks
foodwebs*

epidemiological

directed acyclic graph

directed graph

WWW
friendship?

flows of goods,
information

economic exchange
dominance
neuronal
transcription

time travelers

From Clauset’s slides

Comp 599: Network Science
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http://tuvalu.santafe.edu/~aaronc/courses/5352/csci5352_2017_L0.pdf

Adjacency Matrix: marginals of directed graph

012 3456789 10 11

s9213ap-ur

O — AN = AN N— AN AN

eoleloBoBaolecholsReoho =Nl

SO OO OO OO0 O O —

SO OO OO OO0 OO — —
ecleoloBoBoNeh =Rl
SO OO OO O 0O OO
SO OO OO = —=O OO
SO OO OO DO OO0 OO
S OO OO —~— O OO OO
SO OO OO0 OO O OO
eoleloBoBosholaleholo Nl
SO = OO OO0 O OO

S O OO OO OO~

0

T o—~aomtwnmor~woa ST

out _ ZA'i

d;

l

2 A

n _

d;

l

marginals of A =>in/out degrees

32022022221

out-degrees
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Adjacency Matrix: marginals of weighted directed graph

s9213ap-ur

O N —~ = NN = A A

eoleloBoBaolecholsReoho =Nl

eleleoBoBoleoh=leh=E=R=1ql

SO OO O o000 = A
ecleoleoBoBoNeh =Rl e
SO OO OO O 0O OO
SO OO OO = =0 OO
SO OO OO OO OO0 OO
S OO OO —~— O OO OO
S OO OO0 OO O OO
SO OO O OO0 OO
SO = OO OO0 OO

012 3456789 10 11

S O OO OO OO

0

6 2022022233

To—~amntwnom~wao ST

marginals of A =>in/out weighted degrees

out-degrees

\V
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Beyond Simple Graphs

® Directions

o E.g. who follows who at Twitter

o Weights
o E.g. friendship strength, or travel cost

e Time
o E.g. your friendships changes

o Triplets: (u, v, t) or tensors or graph snapshots

Comp 599: Network Science



Simple and Not Simple

Directed edge
* Weighted edge

'4
"
-

Self-loop

4

Multi-edge 5

Weighted node

From Clauset’s slides
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http://tuvalu.santafe.edu/~aaronc/courses/5352/csci5352_2017_L0.pdf
http://tuvalu.santafe.edu/~aaronc/courses/5352/csci5352_2017_L0.pdf

Example

adjacency matrix

-

Weighted edge

-
"

ge

Directed ed
1

4

y list

adjacenc

A

Self-loop

D —

—

—

T e

Sy <f

N o o
S—

P BN e s e

111111
S N N S S N
—~ == ==

S S e e e N

TTTTTT

— AN M <F 10 O

’

Weighted node

From Clauset’s slides
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http://tuvalu.santafe.edu/~aaronc/courses/5352/csci5352_2017_L0.pdf

Not Simple Graphs

e Multigraph: Multiple edges

o E.g. followership & friendship

e Heterogeneous Graphs: Different Types

o E.g. people, places, interest

e Relation between more than two nodes
o Hypergraphs, E.g. family

e Relationships at different layers

o Multiplex or multilayer network

- T 7 User likes seller
s ‘.®__
Y A User dislikes seller
T —
. 7 I Seller sells product
e
Dn / )
¥ + - Friends
Users Products Sellers
(honest, (high-quality-safe, {non-malware,
fraud} low-quality-safe, malware)

malware}

M

V7

Comp 599: Network Science
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Multilayer Networks

different sets of
nodes

E.g. wiki pages layered
by subject

um_ 0o ™
vaT@':‘ahmu #55 Cancri d
A hom | Fydfbgen
Biinforrlics @ . Atoei Ly i
Cap ."?%ms‘%“ oS Mea” st Thrush
LY Selenive gy Mallard
Spae:‘.:vl \ ’_,.24',. ... G:s d
. o '» Bofxg iefosaurus
} Srmﬁufusﬂn W“""‘

I A | i
s 7 o) AR History

Bpios
SN
'.-‘-— imar Republic
ROASTY
{ ”{% : ﬂ:yiAtime
lyf‘_?!; [ ﬁugoshv‘m

Mexco '\ Countries

\Aggregated

Multiplex: same
set of nodes

different types of
connections

E.g. flights layered by
airlines

https://arxiv.org/pdf/

1708.07763.pdf
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https://arxiv.org/pdf/1708.07763.pdf
https://arxiv.org/pdf/1708.07763.pdf

NN AN ANANA NN

—_O OO OO OO O ——CO

SO OO0 = —~O —

SO SO DO OOOO = —
S OO OO~ —O0 O =0
SO oo O O OO
SO~ O —~—000
[eNeNeR S ak=leRoleloloiio)
SO~ —~—0O0 00O CO
(=Rl Re oo el
ialsNeleloBeloBoloNel =2
inl=Rol o leBeBeleleRel =R

01234567389 1011

(=R ReloBoloBoBoNolel S

3

N AN ANA N NN

33233232323

A OO~ ST

o A; = lifnodeiis connected to node j &0 otherwise

Incidence Matrix
e Adjacency Matrix
e Incidence Matrix:

012 3 45 67 89 10 11 12 13 14 15

SO OO O oo O = —

S OO0 OO0 —O —

inllelelelaelele el =R =R=l ]

[=lelelelel=l=Rel= hanii=]

SO oo oo =0 =0

[=lelelele == nll =l

S OO0 OO O =0 OO
SO0 O = —O0 0 OC0
SO O —~O OO0 OO Oo
SO OO = OO O OO
SO —~O 00O OO0
S OO~ OO OO OO O
=R alel el loleleRal=h =]
= e alelelele =l =R =R=lhe)
—_O YO0 OO0 oo OO0
—_T O OO OO OO OoOO

o B, =1lifnodeiisincident to edge k & 0 otherwise
If a simple graph G has n nodes and m edges what are the dimensions of A & B ?

How many non-zero elements are in A & B?

AQ O~ tnmor~oa ST

A+D

o What is the row marginal of B?

If simple graph, we have 2 ones in each column
o BB’

18

22222222222
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Incidence Matrix

e Adjacency Matrix:

o A; = lifnodeiis connected to node j &0 otherwise

e Incidence Matrix:

o B, =1lifnodeiisincident to edge k & 0 otherwise
e If asimple graph G has n nodes and m edges what are the dimensions of A & B ?

e How many non-zero elements are in A & B?

e If simple graph, we have 2 ones in each column
o What is the row marginal of B?
o BB"=A+D

e Can be used for hypergraphs

e, ‘&
1 1
1 0
1 1
0 1

Comp 599: Network Science
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Incidence Matrix

e Can be used for hypergraphs

o hyper-edges with more than one node

e Can be used for bipartite graphs

o Two sets of nodes

o Edges only between them

V=AUB|ANB=gandV(i,j)€E,(1€AANGEB)V(IiEB)A(jEA))

\( e
62

®» @ & &

e, ‘&
1 1
1 0
1 1
0 1

Comp 599: Network Science
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Bipartite Networks

—
(=]
— O =

0 0

0
0

authors & papers
actors & movies/scenes
musicians & albums
people & online groups

people & corporate boards

5 B'B
1
1 2 3 4 5
2
3
0 “ﬁ‘ 1
1 2 3 4 »
2

4 BBT

people & locations (checkins)
metabolites & reactions
genes & substrings

words & documents

plants & pollinators

No within edges
& Two possible

one-mode projections
Make the graph to show connections
between only one type of node

What are the one-mode
projection of actors &
movies graph?

From Clauset’s slides

Comp 599: Network Science

21

0\


http://tuvalu.santafe.edu/~aaronc/courses/5352/csci5352_2017_L0.pdf

Bipartite Networks example

DISEASOME

CTNNET)

sLC22A18

Gene network

Goh, Cusick, Valle, Childs, Vidal & Barabasi, PNAS (2007)

GENOME

(BRCAZ |

PHENOME

Ofrolaryngeal cancer

Li Fraumeni syndrome
Wilms tumaor 1

Prostate cancer
| Colon cancer

Leukemia

f Melnoma

|Fanconi anemia

Pancreatic cancer

Bladder cancer
Breast cancer

[_Histiocyloma

Lung cancer |
Polyposis
‘-{epatic adenoma
Juwvenile palyposis
Stomach cancer

Adrenal cortfical carcinoma

Peutz-Jeghers syndrome

e e Li Fraumeni syndrome

Ofolaryngeal cancer
Polyposis
Melnoma Wilms tumor

7 Prostate cancer
Peuiz-Jeghers syndrome
Fanconi anemia

Pancreatic cancer

. . | Breast cancer
_Adrenal cortical
carcinoma

Leukemia

‘Blpdder cancer

‘Stomach cancer

Colon cancer Lung cancer

Histiocytoma |

Disease network

From Barbasi’s slides
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http://networksciencebook.com/

Bipartite Networks examples

Categories
fruits
dairy
A Ingredients Flavor compounds B Flavor network @ svices
o . alcoholic beverages
shrim 1-penten-3-ol
= . white 2-hexenal O nuts and seeds
B wine 2-isobutyl thiazole
S mozzarella 2,3-diethylpyrazine @ seatoods
) 2.4-nonadienal
2: parmesan 2-hexen-1-of @ reats
4-hydroxy-5-methyl.. herbs
8 olive 4-methylpentanolc acid @]
2 ol acetylpyrazine . plant derivatives
© allyl 2-uroate
- Ipha-terpineol
= porsley ::u::'ymoxmn . vegetables
§ cli-&rwxenm . flowers
@ tomato :: ydroxyacetone :
o methyl succinate @ animal products
2 ethyl proplonate
£ hexyl alcohol @ rons
(-5 isoamyl alcohol
garlic isobutyl acetate cereal
Isobutyl alcohol
lauric acid Prevalence
0 scallion limonene (d-,I-, and di-)
2 I-malic acid .
2] il ‘methyl butyrate ©
é . fesarme o methyl hexanoate ) S0%
E @ saen methyl propyl trisulfide -
@ soy nonanoic acid /’
S sauce phenethyl alcohol ) 30%
D nut propenyl propyl disulfide
s propionaldehyde @ 1%
(73] black propyl disulfide ®
P p-mentha-1,3-diene %
p-menth-1-ene-9-al
@ sae terpinyl acetale Shared
tetrahydrofurfuryl alcohol
mussel trans, trans-2,4-hexadienal compounds

— 150

-— 5
10

Ingredient-Flavor Network
From Barbasi’s slides

Y.-Y. Ahn, S. E. Ahnert, J. P. Bagrow, A.-L. Barabdsi Flavor network and the principles of food pairing , Scientific Reports 196, (2011).
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http://networksciencebook.com/

Bipartite Networks example

From Ingredient-Recipe Network ' ./ 7 - olive oil

%al It blar..)eppe'

* egw = = iqe.p
Same nodes but edges are different e N T e a§| ic’
.E:* @ = e O . - .
> romsg By e Lo > PES

- it ;@Teﬁ‘ﬁel per' > ot 5
b tt 0ran9'JUlce " Theayyereant e lmeguicel " oo £ed“'°" g *--ﬁ“'l'%lel
ef Ty moroiwce ey T aroley . !

egw 1 0 lemcrest . 2o redpep,erffake %
o e "°3heavyw mngnnm e xR o S

whitesu F%"Eﬂm . -m.:_::f_“;:wa-mwm.- lack peppe

873 gimgerS e TEL o &= 3C e s armesar ncheese
03 mw%%r s = ot plnemple _o_”zl‘;'l’eo h SO)’ 5.uce e rE?pper ckeﬂ?ro‘b h'? .m
~0Da utmeg’ak"nd B cmm"‘?;-’ dn’&embregsg_uus oom o=
confectlorlers su a °"*& “hosey ooy -+ _SCAMiON T cumg,

e = rell@ cheese
o e e~ PLsEld "2y ennaspepper @ ""“" pR ’ua"“g

utt.mllrlﬂppe‘mp P el o = ruNaiman .t ;& jafapen °ﬁ¢8m %
vanilla exllgpalq 50d3 é‘ﬁ' a‘m'lgn ae m:;v%q.:_ﬁ: ’ﬁé’b% 3 %*““‘“b"e r.
semisweet cfmcola'te chlp“""wv u a y*t%mo‘yegetwle OI et phonil w £e ?een E)e:pepper

e
- *,psanwbuttercream éhegse et o i ﬂmkaCh'r P'wdggar IC powder

rOersu a r e wﬁ-?' = gtpe rsauc%r‘a?_
.o T o EimLtaeseeonfon

leareef o
egdmmargarine

TE e

coc‘nugwgbln awle

o e :Retﬁupf . 9*-:?;3‘. B
- R gy Oy 1O 5 %"‘mm.
o s O s "noﬁ( ~o— hn o3 @pde
S& I t - o e
_ mustar 0. ~tream ormu.roomsou
L - el *beef

souraeam Fevr ~ L S e

o pumchadrchossa

- . c@eddar’cﬁ'éese

.

https://arxiv.ora/pdf/1111.3919.pdf

browse for visualizarions and project ideas

Comp 599: Network Science
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https://arxiv.org/pdf/1111.3919.pdf
https://studentwork.prattsi.org/infovis/labs/visualizing-ingredient-networks/

Connectivity

Connected (undirected) graph: any two vertices can be joined by a path

A disconnected graph is made up by two or more connected components

C
F
D D F C
F
G F
G

Connected Not Connected

From Barbasi’s slides

=
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http://networksciencebook.com/

Connectivity: GCC & bridges

Connected (undirected) graph: any two vertices can be joined by a path
A disconnected graph is made up by two or more connected components
Largest Component is referred to as the giant connected component (GCC)

Bridge edges are those that if erased, the graph becomes disconnected

B

F
D D F C
F l > o
G F
G

From Barbasi’s slides

Connected Not Connected

Comp 599: Network Science
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http://networksciencebook.com/

Connectivity in directed graphs

e Strongly connected component

o has a path from each node to every other node and vice versa
» e.g. AtoB path and B to A path

e Weakly connected component
o itis connected if we disregard the edge directions

How many scc do we have in this example graph?

How many wcc do we have in this example graph?

From Barbasi’s slides &
From newman'’s book

=
Comp 599: Network Science 77 E



http://networksciencebook.com/

Connectivity in directed graphs

e Strongly connected component

o has a path from each node to every other node and vice versa
» e.g. AtoB path and B to A path

e Weakly connected component
o itis connected if we disregard the edge directions

How many scc do we have in this example graph? 5

How many wcc do we have in this example graph? 2

From Barbasi’s slides &
From newman'’s book

=
Comp 599: Network Science 8 E



http://networksciencebook.com/

In/Out components

= =
(@) p—t
In-component: nodes that can reach the scc
Out-component: nodes that can be reached from <
the scc
in/out-component of a
specific node: set of nodes ’ 5 ’ 5
reachable by directed paths
to/from that node N y N o
(a) (b)
out-component of node A out-component of node B

From newman’s book
___ —

Comp 599: Network Science 20 %




How to check connectivity?

Start from one node, traverse the graph and record the nodes you reach. If the
size of this reached set of nodes is equal to all the nodes in the graph, then the
graph is connected. If not, this is one component and continue until all nodes

have been reached to get all the components.

A B Ao
3@5® & <\DQ‘® 'EJZ?@}%EQ}%@

Depth-first search Breadth-first search

Comp 599: Network Science



Connectivity & Adjacency Matrix

The adjacency matrix of a network with several components can be written in a block-

diagonal form, so that nonzero elements are confined to squares, with all other elements

being zero:

(a) 00
T
0 0

00 0 0

00 00

00 00

1

(b)

- O

0 0

0
0

Ho =S O

0

1 0 0 0
0 0 0

0

From Barbasi’s slides

How can we use this to see if the graph is connected based on A?

Comp 599: Network Science

31 O


http://networksciencebook.com/

Representing Graphs with Laplacian Matrix

D: diagonal matrix of degrees

N AN NN AN A N N>

cC oo oo ocococ oo oo

cC oo oo oo o oo noO

cC oo ocoocococoaoco
cC oo oo o oo No oo
cC oo ocooc oo ooo
cC oo oo oMo oo oo
cC oo oo aNocoococoo
cC oo o mnmnoc oo oo oo
cC oo Mmoo ococo oo oo
cC oo oo oo oo oo
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Eigenvalues of Graph laplacian tells us

about the connectivity of the graph
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Connectivity & Laplacian Matrix

e smallest eigenvalue of L is always zero

e second-smallest eigenvalue of L is called Algebraic connectivity or

Fiedler value and is nonzero only if graph is connected

e number of zero eigenvalues of L gives the number of connected

components
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Subgraphs, cliques and k-cores

e Induced subgraph:

o Edges between a subset of nodes in the Graph

o Chque a.k.a. complete subgraphs /—\ E @

o Asubgraph where every two nodes are adjacent

=  How many 4-vertex cliques do we see here?

e K-core:

o Maximal subgraph where degree of each node is at least k

(a) 1-core (b) 2-core (¢) 3-core

Nakalis

Comp 599: Network Science

34


https://en.wikipedia.org/wiki/Clique_(graph_theory)

Graphlets & Motifs

e Graphlets

o small, connected, and non-
isomorphic induced subgraphs
e Motifs
o  Statistically over- or under-

represented graphlets

2-node 3-node graphlets 4-node graphlets
graphlet i
I 2 % ci jo
GO Gl Gz 3 G4 5 6 7

5-node graphlets

15 18 22 25 54 41

ﬁ‘s 20 5 30

® 2 42
19 24 77

9 G]O Gll GI2 13 Gl4 GlS 16 Gl7 G18 Gl9

@a%@-%@ @'@

G2O GZI G22 G23 G24 GZS G26 G27 G28 G29

o There are 73 different graphlets up to 5 nodes
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